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Abstract
A valid edge-coloring of a graph is an assignment of “colors” to its edges such that no two incident
edges receive the same color. The goal is to find a proper coloring that uses few colors. In this paper,
we revisit this problem in two models of computation specific to massive graphs, the Massively
Parallel Computations (MPC) model and the Graph Streaming model:
Massively Parallel Computation. We give a randomized MPC algorithm that w.h.p., returns a
(1 + o(1))∆ edge coloring in O(1) rounds using O˜(n) space per machine and O(m) total space.
The space per machine can also be further improved to n1−Ω(1) if ∆ = nΩ(1). This is, to our
knowledge, the first constant round algorithm for a natural graph problem in the strongly
sublinear regime of MPC. Our algorithm improves a previous result of Harvey et al. [SPAA 2018]
which required n1+Ω(1) space to achieve the same result.
Graph Streaming. Since the output of edge-coloring is as large as its input, we consider a standard
variant of the streaming model where the output is also reported in a streaming fashion. The
main challenge is that the algorithm cannot “remember” all the reported edge colors, yet has to
output a proper edge coloring using few colors.
We give a one-pass O˜(n)-space streaming algorithm that always returns a valid coloring and
uses 5.44∆ colors w.h.p., if the edges arrive in a random order. For adversarial order streams,
we give another one-pass O˜(n)-space algorithm that requires O(∆2) colors.
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1 Introduction & Results
Given a graph G(V,E), an edge coloring of G is an assignment of “colors” to the edges in E
such that no two incident edges receive the same color. The goal is to find an edge coloring
that uses few colors. Edge coloring is among the most fundamental graph problems and has
been studied in various models of computation, especially in distributed and parallel settings.
In this paper, we study edge coloring in models that target massive graphs. Specifically, we
focus on the Massively Parallel Computations (MPC) model and the Graph Streaming model.
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The MPCModel & the Related Work. TheMPC model is a popular abstraction of modern
parallel frameworks such as MapReduce, Hadoop, Spark, etc. We have seen a plethora of
results on graph problems ever since the formalization of MPC. The studied problems include
matching and vertex cover [3, 5, 7, 9], maximal independent set [9, 10], vertex coloring
[4, 6, 10, 12, 13], as well as graph connectivity and related problems [1, 2, 11].
Not much work has been done on the edge coloring problem in the MPC model. The only
exception is the algorithm of Harvey et al. [10] which roughly works by random partitioning
the edges, and then coloring each partition in a different machine using a sequential (∆ + 1)
edge coloring algorithm. The choice of the number of partitions leads to a trade-off between
the number of colors used and the space per machine required. The main shortcoming of
this idea, however, is that if one desires a ∆ + O˜(∆1−Ω(1)) edge coloring, then a strongly
super linear local space of n∆Ω(1) is required. In comparison, for the related (∆ + 1) vertex
coloring problem, Assadi et al. [4] recently presented an algorithm that takes O(1) rounds
and requires a near linear space of O˜(n). Unfortunately, this progress on vertex coloring
does not imply a better edge coloring MPC algorithm even if we consider the more relaxed
(2∆− 1) edge coloring problem. The reason is that the well-known reduction, which yields a
(2∆− 1) edge coloring via a (∆ + 1) vertex coloring on the line-graph, is not applicable in
the MPC model as the line-graph may be significantly larger than the original graph.
Our main result is the following algorithm which achieves a near-optimal edge coloring
within a constant number of rounds using a near-linear in n space.
I Theorem 1. There exists an MPC algorithm that using O(n) space per machine and O(m)
total space, returns a ∆ + O˜(∆3/4) edge coloring in O(1) rounds.
The Streaming Model. In the standard graph streaming model, the edges of a graph arrive
one by one and the algorithm has a space that is much smaller than the total number of edges.
A particularly important choice of space is O˜(n) – which is also known as the semi-streaming
model [8] – so that the algorithm has enough space to store the vertices but not the edges.
For edge coloring, the output is as large as the input, thus, we cannot hope to be able to
store the output in bulk at the end. For this, we consider a standard twist on the streaming
model where the output is also reported in a streaming fashion. This model is referred to in
the literature as the “W-streaming” model. We particularly focus on one-pass algorithms.
Note that designing one-pass W-streaming algorithms is particularly challenging since
the algorithm cannot “remember” all the choices made so far (e.g., the reported edge colors).
Therefore, even the sequential greedy algorithm for (2∆− 1) edge coloring, which iterates
over the edges in an arbitrary order an assigns an available to each color upon visiting it,
cannot be implemented since we are not aware of the colors used incident to an edge.
Our first result presented in Theorem 2 is to show that a natural algorithm w.h.p. provides
an O(∆) edge coloring if the edges arrive in a random-order. Further, we show that for
any arbitrary arrival of edges, there is a one-pass O˜(n) space W-streaming edge coloring
algorithm that succeeds w.h.p. and uses O(∆2) colors.
I Theorem 2. If the edges arrive in a random-order, there is a one-pass O˜(n) space W-
streaming edge coloring algorithm that always returns a valid edge coloring and w.h.p. uses
(2e+ o(1))∆ ≈ 5.44∆ colors.
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